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Abstract
Gathering different results from singularity theory, geometry and combinatorics, we show
that the spectrum at infinity of a tame Laurent polynomial counts lattice points in polytopes
and we deduce an effective algorithm in order to compute the Ehrhart polynomial of a simplex
containing the origin as an interior point.
1 Introduction
The spectrum at infinity of a tame Laurent polynomial f , defined by C. Sabbah in [13], is a
sequence (β1, · · · , βµ) of rational numbers which is related to various concepts in singularity theory
(monodromy, Hodge and Kashiwara-Malgrange filtrations, Brieskorn lattices...) and is in general
difficult to handle. However, if f is convenient and nondegenerate with respect to its Newton
polytope in the sense of Kouchnirenko [10] (this is generically the case), this spectrum has a very
concrete description: the sum
∑µ
i=1 z
βi is equal to the Hilbert-Poincare´ series of the Jacobian ring of
f graded by the Newton filtration, see [7]. It follows from [10] that
∑µ
i=1 z
βi = (1− z)n
∑
v∈N z
ν(v)
where ν is the Newton filtration of the Newton polytope P of f and µ is the normalized volume
of P , see [5], [6]. Because the right hand side depends only on P , we will also call it the Newton
spectrum of P and we will denote it by SpecP (z). This is recorded in Section 2, where we also recall
the basic definitions.
Once we have this description, it follows from the work of A. Stapledon [14] that the spectrum at
infinity of a convenient and nondegenerate Laurent polynomial (equivalently, the Newton spectrum
of its Newton polytope) counts ”weighted” lattice points in its Newton polytope P and its integer
dilates, more precisely that it is a weighted δ-vector as defined in loc. cit. In particular, according
to an observation made in [14], the δ-vector δP (z) = δ0 + δ1z + · · · + δnz
n of a lattice polytope
P in Rn containing the origin as an interior point, hence its Ehrhart polynomial, can be obtained
effortlessly from its Newton spectrum
∑µ
i=1 z
βi : the coefficient δi is equal to the number of βk’s
such that βk ∈]i−1, i]. See Section 4.1, where we also recall the definitions of δ-vectors and Ehrhart
polynomials. It should be emphasized that the Newton spectrum of a polytope P is somewhat finer
than its δ-vector: both coincide if and only if P is reflexive, see Proposition 5.1.
This is particularly fruitful when P is a reduced simplex in Rn in the sense of [4] (see Section 3
for the definition of a reduced simplex and its weight) because we have a very simple closed formula
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for its Newton spectrum, see Theorem 3.3. This formula only involves the weight of the simplex
and is based on [8, Theorem 1] whose proof uses classical tools in singularity theory. This provides
an effective algorithm in order to compute the δ-vectors and the Ehrhart polynomials of reduced
simplices, see Section 4.2. For instance, let us consider the simplex
∆ := conv((1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), (−1,−1,−1,−5))
in R4. Using Theorem 3.3, it is readily checked that its Newton spectrum is
Spec∆(z) = 1 + z + z
2 + z3 + z4 + z16/5 + z12/5 + z8/5 + z4/5
and it follows from Proposition 4.5 that δ0 = 1, δ1 = 2, δ2 = 2, δ3 = 2, δ4 = 2. Finally, its Ehrhart
polynomial is
L∆(z) =
1
24
(9z4 + 10z3 + 75z2 + 50z + 24).
See Example 4.7.
Notice that it is also possible to get in a similar way the δ-vectors of Newton polytopes of
convenient and nondegenerate polynomials from their toric Newton spectrum (as defined in [5,
Definition 3.1]). This can be applied for instance to the Mordell-Pommersheim tetrahedron, that is
the convex hull of (0, 0, 0), (a, 0, 0), (0, b, 0), (0, 0, c)) where a, b and c are positive integers, which
is the Newton polytope of the Brieskorn-Pham polynomial f(u1, u2, u3) = u
a
1 + u
b
2 + u
c
3 on C
3, a
very familiar object in singularity theory. See Section 4.3.
In this context, other questions may arise: for instance it is expected that the variance of the
spectrum at infinity of a Laurent polynomial in (C∗)n is bounded below by n/12 (this is a global
variant of C. Hertling’s conjecture [9], see [6] and the references therein). By Proposition 5.1, this
would give informations about the distribution of the δ-vector in the reflexive case. See Remark
5.3. In the opposite direction, the theory of polytopes is useful in order to get results on the singu-
larity side: for instance, using [12] it is readily seen that the spectrum at infinity of a tame regular
function is not always unimodal (this is discussed in Remark 5.2).
Acknowledgements. I thank R. Davis for pointing to me the references [3] and [12] about
unimodality.
2 The Newton spectrum of a polytope
In this section, we first recall some basic facts about polytopes that we will use. We then define
the Newton spectrum of a polytope in Section 2.2 and we give a closed formula for the Newton
spectrum of simplices in Section 3.
2.1 Polytopes (basics)
In this text, N is the lattice Zn, M is the dual lattice 〈 , 〉 is the canonical pairing between NR and
MR. A lattice polytope is the convex hull of a finite set of N . If P ⊂ NR is a n-dimensional lattice
polytope containing the origin as an interior point there exists, for each facet F of P , uF ∈ MQ
such that
P ⊂ {n ∈ NR, 〈uF , n〉 ≤ 1} and F = P ∩ {x ∈ NR, 〈uF , x〉 = 1}.
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This provides the hyperplane presentation
P = ∩F{x ∈ NR, 〈uF , x〉 ≤ 1}. (1)
The set
P ◦ := {y ∈MR, 〈y, x〉 ≤ 1 for all x ∈ P} (2)
is the polar polytope of P . It happens that P ◦ is indeed a rational polytope (the convex hull of a
finite set of NQ) if P contains the origin as an interior point: the vertices of P
◦ are in one-to-one
correspondance with the facets of P by
uF vertice of P
◦ ⇔ F = {x ∈ NR, 〈uF , x〉 = 1}. (3)
A lattice polytope P is reflexive if it contains the origin as an interior point and if P ◦ is a lattice
polytope.
If P ⊂ NR is a full dimensional lattice polytope containing the origin as an interior point, we
get a complete fan ΣP in NR by taking the cones over the faces of P . We will denote by XΣP
the complete toric variety associated with the fan ΣP . We will always assume that the fan ΣP is
simplicial. The Newton function of P is the function
ν : NR → R
which takes the value 1 at the vertices of P and which is linear on each cone of the fan ΣP .
Alternatively, ν(v) = maxF < uF , v > where the maximum is taken over the facets of P and the
vectors uF are defined as in (1). The Milnor number of P is
µP := n! vol(P )
where the volume vol(P ) is normalized such that the volume of the cube is equal to 1. If P =
conv(b1, · · · , br), the Milnor number µP is also the global Milnor number of the Laurent polynomial
f(u) =
∑r
i=1 ciu
bi for generic complex coefficients ci, that is
µP = dimC
C[u1, u
−1
1 , · · · , un, u
−1
n ]
(u1
∂f
∂u1
, · · · , un
∂f
∂un
)
where (C∗)n is equipped with the coordinates u = (u1, · · · , un), u
m := um11 · · · u
mn
n if m =
(m1, · · · ,mn) ∈ Z
n and (u1
∂f
∂u1
, · · · , un
∂f
∂un
) denotes the ideal generated by the partial derivative
u1
∂f
∂u1
, · · · , un
∂f
∂un
. See [10] for details.
2.2 The Newton spectrum of a polytope
The main object of this paper is given by Definition 2.3 which is motivated by the description of
the spectrum at infinity of a Laurent polynomial in Kouchnirenko’s framework, see [5], [6], [7], [13].
We briefly recall the construction and we gather the results that we will use.
Let f(u) =
∑
m∈Zn amu
m be a Laurent polynomial defined on (C∗)n. The Newton polytope
P of f is the convex hull of supp f := {m ∈ Zn, am 6= 0} in R
n. We assume that P contains
the origin as an interior point, so that f is convenient in the sense of [10]. The Newton function
of P defines a filtration on A := C[u1, u
−1
1 , · · · , un, u
−1
n ] and, by projection, a filtration N• on
3
A/(u1
∂f
∂u1
, · · · , un
∂f
∂un
), see [5, Section2], [7, Section 4]. The spectrum at infinity of f is a priori
a sequence (β1, · · · , βµP ) of nonnegative rational numbers (there may be repeated items), see [13],
[7, Section 2.e]. We will denote Specf (z) :=
∑µP
i=1 z
βi . We first quote the following result (for
our purpose, one can take equality (4) as the definition of the spectrum at infinity of the Laurent
polynomial f) which holds if f is moreover nondegenerate with respect to P in the sense of [10,
De´finition 1.19]:
Theorem 2.1 [7] Let f be a convenient and nondegenerate Laurent polynomial defined on (C∗)n.
Then
Specf (z) =
∑
α∈Q
dimC gr
N
α
A
(u1
∂f
∂u1
, · · · , un
∂f
∂un
)
zα. (4)
Proof. By [7, Theorem 4.5], the Newton filtration and the Kashiwara-Malgrange filtration on the
Brieskorn lattice of f coincide if f is convenient and nondegenerate. The result then follows from
the description of the spectrum given in [7, Section 2.e]. ✷
Corollary 2.2 [5], [6] Let f be a convenient and nondegenerate Laurent polynomial defined on
(C∗)n. Then
Specf (z) = (1− z)
n
∑
v∈N
zν(v) (5)
where ν is the Newton function of the Newton polytope P of f .
Proof. Follows from Theorem 2.1 and [10, The´ore`me 2.8], as in [5, Theorem 3.2], ✷
The right hand side of (5) depends only on P . This justifies the following definition:
Definition 2.3 Let P be a full dimensional lattice polytope in NR, containing the origin as an
interior point, and let ν be its Newton function. The Newton spectrum of P is
SpecP (z) := (1− z)
n
∑
v∈N
zν(v). (6)
Notice that various versions of the right hand of (6) appear in many places, see for instance [1,
Theorem 4.3] for a relation with stringy E-functions.
We have the following geometric description of the Newton spectrum of a polytope P , which
allows to identify the spectrum at infinity of a convenient and nondegenerate polynomial whose
Newton polytope is P . Define, for σ a cone in the fan ΣP generated by the vertices b1, · · · , br of P ,
✷(σ) := {
r∑
i=1
qibi, qi ∈ [0, 1[, i = 1, · · · , r}
and ✷(ΣP ) := ∪σ∈ΣP✷(σ).
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Proposition 2.4 [5], [6], [14] Let P be a full dimensional lattice polytope in NR, containing the
origin as an interior point. Then
SpecP (z) =
∑
v∈✷(ΣP )∩N
[
n−dimσ(v)∑
i=0
dimH2i(X(ΣP /σ(v)),Q)z
i]zν(v) (7)
where X(ΣP /σ(v)) is the toric variety associated with the quotient fan ΣP /σ(v) and σ(v) is the
smallest cone containing v.
Proof. Follows from [10, Proposition 2.6], as in [5, Proposition 3.3]. See also [14, Theorem 4.3] for
another proof in a slightly different context. ✷
Remark 2.5 We will write SpecP (z) :=
∑µP
i=1 z
βi where (β1, · · · βµP ) is a sequence of nonnegative
rational numbers (counted with multiplicities) and we will freely identify the Newton spectrum of P
with the sequence (β1, · · · βµP ).
We will make a repeated use of the following properties. In what follows, IntP denotes the
interior of P , ∂P denotes its boundary and, for I ⊂ R, SpecIP (z) :=
∑
βi∈I
zβi .
Proposition 2.6 [5], [6], [7] Let P be a full dimensional polytope in NR containing the origin in
its interior and let ν be its Newton function. Then,
1. limz→1 SpecP (z) = µP ,
2. Spec
[0,1[
P (z) =
∑
v∈Int P∩N z
ν(v),
3. the multiplicity of 1 in SpecP (z) is Card(∂P ∩N)− n,
4. zn SpecP (z
−1) = SpecP (z).
See [5, Corollary 3.5]. Item 1, 2 and 4 are already contained in [7] and are based on Kouchnirenko’s
results [10]. The last property means that SpecP is symmetric about
n
2 and is a classical specification
of a singularity spectrum. In a different setting, these statements can also be found in [14].
3 The Newton spectrum of a reduced simplex
We keep the terminology of [4] and we will rather denote a simplex by ∆ instead of P . We will say
that the polytope ∆ := conv(v0, · · · , vn) is an integral Z
n-simplex if its vertices vi belong to the
lattice Zn and if it contains the origin as an interior point.
Definition 3.1 Let ∆ := conv(v0, · · · , vn) be an integral Z
n-simplex. The weight of ∆ is the tuple
Q(∆) = (q0, · · · , qn) where
qi := |det(v0, · · · , v̂i, · · · , vn)| (8)
for i = 0, · · · , n. The simplex ∆ is said to be reduced if gcd(q0, · · · , qn) = 1.
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Proposition 3.2 Let ∆ := conv(v0, · · · , vn) be an integral Z
n-simplex and let Q(∆) = (q0, · · · , qn)
be its weight. Then,
1. µ∆ =
∑n
i=0 qi where µ∆ is the Milnor number of ∆,
2.
∑n
i=0 qivi = 0,
3. (v0, · · · , vn) generate N if and only if ∆ is reduced.
Proof. The first point follows from the definition of the qi’s and the second one follows from
Cramer’s rule. For the third one notice first that, because qi > 0, the submodule generated by
(v0, · · · , v̂i, · · · , vn) is free of rank n, hence the module N∆ generated by (v0, · · · , vn) is free of rank
n. By [4, Lemma 2.4] we have detN∆ = gcd(q0, · · · , qn) and this is the index of N∆ in N so that
N∆ = N if and only if detN∆ = 1. ✷
Let ∆ be a Zn-integral simplex and let Q(∆) = (q0, · · · , qn) be its weight. Let
F :=
{
ℓ
qi
| 0 ≤ ℓ ≤ qi − 1, 0 ≤ i ≤ n
}
and let f1, · · · , fk be the elements of F arranged by increasing order. Define
Sfi := {j| qjfi ∈ Z} ⊂ {0, · · · , n} and di := CardSfi
and let c0, c1, · · · , cµ∆−1 be the sequence
f1, · · · , f1︸ ︷︷ ︸
d1
, f2, · · · , f2︸ ︷︷ ︸
d2
, · · · , fk, · · · , fk︸ ︷︷ ︸
dk
.
Theorem 3.3 Let ∆ be a Zn-integral simplex and let Q(∆) = (q0, · · · , qn) be its weight. Assume
that ∆ is reduced. Then the Newton spectrum of ∆ is
Spec∆(z) = z
α0 + zα1 + · · ·+ zαµ∆−1
where
αk := k − µ∆ck
for k = 0, · · · , µ∆ − 1.
Proof. The vertices v0, · · · , vn of ∆ satisfy
∑n
i=0 qivi = 0 and they generate Z
n by Proposition 3.2
because gcd(q0, · · · , qn) = 1. Thus, they define the exact sequence
0 −→ Z −→ Zn+1 −→ Zn −→ 0
where the map on the right is defined by ψ(ei) = vi for i = 0, · · · , n (we denote here by (e0, · · · , en)
the canonical basis of Zn+1) and the map on the left is defined by φ(1) = (q0, · · · , qn). It follows that
the simplex ∆ is the Newton polytope of the convenient and nondegenerate Laurent polynomial
considered in [8]. Thus, the assertion follows from the definition of the Newton spectrum of a
polytope given in Section 2.2 and [8, Theorem 1]. ✷
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Remark 3.4 The αk’s defined in Theorem 3.3 are not necessarily distinct. For instance, let us
consider ∆ = conv((1, 0), (0, 1), (−1,−2)) in R2. We have Q(∆) = (1, 1, 2), µ∆ = 4 and the
sequence α0, α1, α2, α3 is 0, 1, 2, 1.
Example 3.5 Let us consider
∆ = conv((1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), (−1,−1,−1,−5))
in R4. We have Q(∆) = (1, 1, 1, 1, 5) and µ∆ = 9. The sequence c0, c1, · · · , c8 is
0, 0, 0, 0, 0,
1
5
,
2
5
,
3
5
,
4
5
and the sequence α0, α1, · · · , α8 is
0, 1, 2, 3, 4, 5 −
9
5
, 6−
18
5
, 7−
27
5
, 8−
36
5
.
Theorem 3.3 provides Spec∆(z) = 1 + z + z
2 + z3 + z4 + z16/5 + z12/5 + z8/5 + z4/5.
Remark 3.6 Theorem 3.3 is not true if we do not assume that ∆ is reduced: for instance, let
∆ = conv((2, 0), (0, 2), (2, 2)) in R2. We have Q(∆) = (4, 4, 4) and ∆ is not reduced. By Proposition
2.6 we have
Spec∆(z) = 1 + 3z
1/2 + 4z + 3z3/2 + z2
but Theorem 3.3 would give 4 + 4z + 4z2.
4 The spectrum as a weighted δ-vector and application to the
computation of (weighted) Ehrhart polynomials
In the first part of this section, we show that the Newton spectrum of a polytope counts weighted
lattice points and in the second part we write down an algorithm in order to compute Ehrhart
polynomials of reduced simplices.
4.1 The Newton spectrum of a polytope as a weighted δ-vector
Once the spectrum at infinity of a Laurent polynomial is identified by the formula (5), the results
of this subsection can be basically found in [14]. For the convenience of the reader we give self-
contained proofs. For the background about Ehrhart theory we refer to the book [2].
Let P be a full dimensional lattice polytope in Rn and define, for a nonnegative integer ℓ,
LP (ℓ) := Card((ℓP )∩M). Then LP is a polynomial in ℓ of degree n (this is the Ehrhart polynomial)
and we have
EhrP (z) := 1 +
∑
m≥1
LP (m)z
m =
δ0 + δ1z + · · ·+ δnz
n
(1− z)n+1
(9)
where the δj ’s are nonnegative integers. We will call EhrP (z) the Ehrhart series of P . We will
write δP (z) := δ0+ δ1z+ · · ·+ δnz
n. With a slight abuse of terminology, δP (z) is called the δ-vector
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of the polytope P . The Ehrhart polynomial of a polytope is extract from its δ-vector by the means
of the formula
LP (z) = δ0
(
z + n
n
)
+ δ1
(
z + n− 1
n
)
+ · · ·+ δn−1
(
z + 1
n
)
+ δn
(
z
n
)
. (10)
Following [14], one defines a weighted version of the δ-vectors. Let P be full dimensional lattice
polytope in Rn, containing the origin as an interior point, and let ν be its Newton function. The
weight of v ∈ N is wt(v) := ν(v) − ⌈ν(v)⌉ where ⌈ ⌉ denotes the ceiling function. For m ∈ N, let
LαP (m) be the number of lattice points in mP of weight α and define
δαP (z) := (1− z)
n+1
∑
m≥0
LαP (m)z
m.
By the very definition, we have δP (z) =
∑
α∈]−1,0] δ
α
P (z).
Definition 4.1 The weighted δ-vector of the polytope P is δwtP (z) :=
∑
α∈]−1,0] δ
α
P (z)z
α.
Theorem 4.2 Let P be a full dimensional lattice polytope containing the origin as a interior point.
Then,
SpecP (z) = δ
wt
P (z).
In particular, the spectrum at infinity Specf (z) of a convenient and nondegenerate Laurent polyno-
mial f is equal to the weighted δ-vector δwtP (z).
Proof. Because v ∈ mP ∩N if and only if ν(v) ≤ m, we get
δwtP (z) = (1− z)
n+1
∑
m≥0
(
∑
v∈mP
zwt(v))zm = (1− z)n+1
∑
m≥0
(
∑
ν(v)≤m
zν(v)−⌈v⌉)zm
= (1− z)n+1
∑
m≥0
(
∑
⌈ν(v)⌉≤m
zν(v)−⌈v⌉)zm = (1− z)n+1
∑
v∈N
(
∑
⌈ν(v)⌉≤m
zm−⌈v⌉)zν(v)
= (1− z)n
∑
v∈N
zν(v) = SpecP (z).
The last assertion follows from (5) and (6). ✷
To sum up, the spectrum at infinity of a Laurent polynomial counts weighted lattice points in its
Newton polytope.
Corollary 4.3 Let α ∈] − 1, 0] such that δαP (z) is not identically equal to zero. Then, with the
notations of Proposition 2.4, the rational number α is equal to ν(v) − ⌈ν(v)⌉ for a suitable v ∈
✷(ΣP ) ∩N and
δαP (z) = c
0
vz
⌈ν(v)⌉ + · · ·+ cn−dim σ(v)v z
⌈ν(v)⌉+n−dim σ(v) (11)
where civ := dimH
2i(X(∆/σ(v)),Q).
Proof. Follows from Proposition 2.4 and Theorem 4.2. ✷
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Corollary 4.4 Let α ∈]− 1, 0]. Then,
1. δαP (z) is a polynomial of degree at most n in z whose coefficients are nonnegative integers,
2. LαP is a polynomial of degree n (if not identically equal to zero) and
LαP (z) = δ
α
0
(
z + n
n
)
+ δα1
(
z + n− 1
n
)
+ · · · + δαn−1
(
z + 1
n
)
+ δαn
(
z
n
)
(12)
if δαP (z) = δ
α
0 + δ
α
1 z + · · ·+ δ
α
nz
n.
Proof. The first assertion follows from Corollary 4.3 because where civ := dimH
2i(X(∆/σ(v)),Q) is
a nonnegative integer and because ⌈ν(v)⌉ ≤ dimσ(v) (recall that the Newton spectrum is contained
in [0, n], see Proposition 2.6). The second one is straightforward. ✷
The next observation is borrowed from [14]:
Proposition 4.5 Let P be a full dimensional lattice polytope containing the origin as a interior
point. Let δP (z) :=
∑n
k=0 δkz
k be the δ-vector of the P and let SpecP (z) :=
∑µP
i=1 z
βi be its Newton
spectrum. Then, for k = 0, · · · , n, the coefficient δk is equal to the number of βi’s, 1 ≤ i ≤ µP ,
such that βi ∈]k − 1, k].
Proof. The result follows from Corollary 4.3 because δP (z) =
∑
α∈]−1,0] δ
α
P (z). ✷
Using Proposition 2.6, we check that δ0 = 1, δ1 = Card(P ∩ N)− (n + 1) and δ0 + · · · + δn = µP
where µP is the Milnor number of P .
4.2 An algorithm to compute (weighted) Ehrhart polynomials and δ-vectors of
reduced simplices
Let P be a full dimensional lattice polytope in Rn containing the origin in its interior. A general
recipe in order to compute the δ-vector of P is now clear: compute the Newton spectrum of P and
use Proposition 4.5.
This provides an effective algorithm in order to compute the (weighted) δ-vectors and the
(weighted) Ehrhart polynomials of a reduced simplex ∆ containing the origin as an interior point
because the Newton spectrum of ∆ is known:
• compute the weight of ∆ (use equation (8)) and check that ∆ is reduced,
• compute the Newton spectrum of ∆ using Theorem 3.3,
• use Theorem 4.2, Corollary 4.4 and equation (11) in order to compute the weighted δ-vectors
δα∆(z) and weighted Ehrhart polynomials L
α
∆(z),
• use Proposition 4.5 in order to get the δ-vector δ∆(z) := δ0+δ1z+ · · ·+δnz
n of ∆ and formula
(10) in order to get the Ehrhart polynomial L∆(z) of ∆.
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Example 4.6 Let
∆ := conv((1, 0, 0), (0, 2, 0), (1, 1, 1), (−3,−5,−2))
in R3. Its weight is Q(∆) = (2, 2, 3, 4) and ∆ is reduced. We have µ∆ = 11 and
Spec∆(z) = 1 + z + z
2 + z3 + z5/4 + z4/3 + z1/2 + z3/2 + z5/2 + z5/3 + z7/4
by Theorem 3.3. Proposition 4.5 provides δ0 = 1, δ1 = 2, δ2 = 6, δ3 = 2 and we get
L∆(z) =
1
6
(11z3 + 6z2 + 13z + 6).
Example 4.7 (Example 3.5 continued) Let us consider the simplex
∆ := conv((1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), (−1,−1,−1,−5))
in R4. Its weight is Q(∆) = (1, 1, 1, 1, 5) and ∆ is reduced. We have µ∆ = 9 and
Spec∆(z) = 1 + z + z
2 + z3 + z4 + z16/5 + z12/5 + z8/5 + z4/5
by Example 3.5. Proposition 4.5 provides δ0 = 1, δ1 = 2, δ2 = 2, δ3 = 2, δ4 = 2 and we get
L∆(z) =
1
24
(9z4 + 10z3 + 75z2 + 50z + 24).
We have also δ0∆(z) = 1+z+z
2+z3+z4, δ
−1/5
∆ (z) = z, δ
−2/5
∆ (z) = z
2, δ
−3/5
∆ (z) = z
3, δ
−4/5
∆ (z) = z
4
and
L
−1/5
∆ (z) =
1
24
(z4 + 6z3 + 11z2 + 6z), L
−2/5
∆ (z) =
1
24
(z4 + 2z3 − z2 − 2z),
L
−3/5
∆ (z) =
1
24
(z4 − 2z3 − z2 + 2z), L
−4/5
∆ (z) =
1
24
(z4 − 6z311z2 − 6z),
L0∆(z) =
1
24
(5z4 + 10z3 + 55z2 + 50z + 24).
In particular, weighted Ehrhart polynomials may have negative coefficients.
If q0 = 1 and if ∆ is reflexive, another formula (with a different proof) for the δ-vector of ∆ in
terms of the entries of the vector Q(∆) is given in [3, Theorem 2.2].
4.3 Ehrhart polynomials of Newton polytopes of polynomials
We give a few words about Newton polytopes of polynomials (and not Laurent polynomials). We
briefly recall the framework. The support of a polynomial g =
∑
m∈Nn amu
m ∈ C[u1, · · · , un], where
we write um := um11 · · · u
mn
n if m = (m1, · · · ,mn) ∈ N
n, is supp(g) = {m ∈ Nn, am 6= 0} and the
Newton polytope of the polynomial g is the convex hull of {0} ∪ supp(g) in Rn+. The toric Newton
spectrum of g (or the toric Newton spectrum of its Newton polytope) is∑
α∈Q
dimC gr
N
α
C[u1, · · · , un]
(u1
∂g
∂u1
, · · · , un
∂g
∂un
)
zα,
see [5, Definition 3.1]. Thanks to [5, Theorem 3.2], Theorem 4.2 and its corollaries (in particular
Proposition 4.5) still hold, with the same proofs, for the toric Newton spectrum of the Newton
polytope of a convenient and nondegenerate polynomials. This gives a recipe in order to calculate
Ehrahrt polynomials of Newton polytopes of polynomials from their toric Newton spectrum. We
give some examples.
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1. Let
∆ := conv((0, 0, 0), (a, 0, 0), (0, b, 0), (0, 0, c))
where a, b and c are positive integers. It is the Newton polytope of f(u1, u2, u3) = u
a
1+u
b
2+u
c
3.
Its toric Newton spectrum is the sequence of the following rational numbers:
• 0,
• ia for 1 ≤ i ≤ a− 1,
i
b for 1 ≤ i ≤ b− 1,
i
c for 1 ≤ i ≤ c− 1,
• ia +
j
b for 1 ≤ i ≤ a − 1 and 1 ≤ j ≤ b − 1,
i
a +
j
c for 1 ≤ i ≤ a− 1 and 1 ≤ j ≤ c − 1,
i
b +
j
c for 1 ≤ i ≤ b− 1 and 1 ≤ j ≤ c− 1,
• ia +
j
b +
k
c for 1 ≤ i ≤ a− 1, 1 ≤ j ≤ b− 1 and 1 ≤ k ≤ c− 1.
Its δ-vector is then given by Proposition 4.5. For instance, if a = 2, b = 3 and c = 3 we get
δ0 = 1, δ1 = 10, δ2 = 7, δ3 = 0. If a = 1, b = 1 and c = 1 (this corresponds to the standard
simplex in Rn) we get δ0 = 1, δ1 = δ2 = δ3 = 0.
2. Let us consider the polytope in R3
P := conv((0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, h))
where h is an integer greater or equal to 2. This is a variation of Reeve’s tetrahedron, see [2,
Example 3.22]. It is the Newton polytope of f(u1, u2, u3) = u1+u2+u3+u1u2u
h
3 whose toric
Newton spectrum is equal to 1 + z + z2 +
∑h−1
i=1 z
1+ i
h . Thus, δ0 = 1, δ1 = 1, δ2 = h, δ3 = 0
and
LP (z) =
1
6
[(h + 2)z3 + 9z2 + (13 − h)z + 6].
Notice that the coefficient of z is negative if h ≥ 14.
5 Reflexive polytopes and their Newton spectrum
We give in this section various characterizations of reflexive polytopes involving their Newton
spectrum. We show in particular that the spectrum of a polytope is equal to its δ-vector if and
only if P is reflexive.
Proposition 5.1 Let P be a polytope containing the origin in its interior and let δP (z) = δ0 +
δ1z + · · ·+ δnz
n be its δ-vector. Then the following are equivalent:
1. SpecP (z) is a polynomial,
2. P is reflexive,
3. SpecP (z) = δP (z) := δ0 + δ1z + · · ·+ δnz
n.
Proof. 1⇔ 2. Assume that P is reflexive: if n belongs to the cone σF supported by the facet F , the
Newton function of P is defined by ν : n 7→< uF , n > where uF ∈ M by (3). By Proposition 2.4,
SpecP (z) is a polynomial. Conversely, assume that SpecP (z) is a polynomial. Let F be a facet of
P . Again by Proposition 2.4, the Newton function ν of P takes integral values on the fundamental
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domain ✷(σF ). It follows that ν takes integral values on σF ∩N and, by linearity, we get a Z-linear
map νσF : NσF → Z where NσF is the sublattice of N generated by the points of σF ∩N . Because
we have the isomorphism HomZ(NσF ,Z)
∼=M/σ⊥F ∩M induced by the dual pairing between M and
N , there exists uF ∈M such that ν(n) = 〈uF , n〉 when n ∈ σF . In particular, the equation of F is
〈uF , x〉 = 1 for uF ∈M . Thus, P is reflexive.
1 ⇔ 3. Assume that SpecP (z) is a polynomial: by Proposition 4.5, δi = Card{α ∈ SpecP , α = i}
thus SpecP (z) = δP (z). Conversely, if SpecP (z) = δP (z) the Newton spectrum is obviously a
polynomial. ✷
Remark 5.2 Recall that a polynomial a0 + a1z + · · · + anz
n is unimodal if there exists an index
j such that ai ≤ ai+1 for all i < j and ai ≥ ai+1 for all i ≥ j. It follows from Corollary 2.2,
Proposition 5.1 and [11], [12] that the spectrum at infinity of a Laurent polynomial is not always
unimodal (and this corrects a misguided assertion made in [6]). This can be directly checked: let
∆ := conv(e1, · · · , e9,−
9∑
i=1
qiei)
where (e1, · · · , e9) is the standard basis of R
9 and (q1, · · · , q9) := (1, · · · , 1, 3) (this example is
borrowed from [12], see also [3, Section 2]). Then µ∆ = 12 and Q(∆) = (1, · · · , 1, 3) where 1 is
counted 9-times: the simplex ∆ is reduced and reflexive. We get from Theorem 3.3
Spec∆(z) = 1 + z + z
2 + 2z3 + z4 + z5 + 2z6 + z7 + z8 + z9
and this polynomial is not unimodal. It follows that the spectrum at infinity of the Laurent polyno-
mial
f(u1, · · · , u9) = u1 + · · ·+ u9 +
1
u1 · · · u8u39
(see Section 2.2) is not unimodal.
Remark 5.3 Let P be a reflexive polytope and let SpecP (z) = δP (z) := δ0+ δ1z+ · · ·+ δnz
n be its
δ-vector. The mean of the δ-vector is 1µP
∑n
i=0 iδi (and this is equal to
n
2 because δi = δn−i if P is
reflexive, as it could be deduced from Proposition 5.1) and its variance is 1µP
∑n
i=0 δi(i−
n
2 )
2. After
Corollary 2.2, Proposition 5.1 and the version of Hertling’s conjecture mentioned in the introduction
(see [6] for details), the inequality 1µP
∑n
i=0 δi(i−
n
2 )
2 ≥ n12 is expected.
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